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Abstract

We consider the problem of performing multiplication of n-bit
binary numbers on a chip. Let A denote the chip area, and T the time
required to perform multiplication. Using a model of computation which

is a realistic approximation to current and anticipated VLSI technology,
; + 2alpha power
we show that L 17 suh? te e S
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for all @ € [0,1), where AO/ and T(; are positive constants which depend
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on the technology but are independent of n. The exponent l+a is the
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best possible. A consquence is that binary multiplication is *harder™

than binary addition if AT® is used as a complexity measure for any
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1. Introduction

We are interested in the design of multipliers suitable for
implementation in VLSI architecture. The multiplication problem has been
considered by several authors, e.g. Garmer [76], Kuck [78], Ofman [62],
Wallace [64], and Winograd [67]. Much attention has been paid to the
tradeoff between time and the number of gates, but until recently little
attention has been paid to the problem of connecting the gates in an

economical and regular way to minimize chip area and design costs.

In this paper we give a lower bound on the area-time product
for multiplication circuits, assuming a model of computation which is
intended to approximate current and anticipated VLSI technology. Details

of the model are given in Section 2.

The lower bound on AT, where A is the chip area and T the time
to perform n-bit binary multiplication on the chip, is the special case

a = % of a more general lower bound

20,
(1.1) e T A R R
(%) )

which is valid for all o € [0,1]. We establish the lower bound for the
extreme cases o = 1 and a = 0 in Sections 3 and 4 respectively, and deduce

the general result in Sectiomn 5.

In this paper we are concerned with lower bounds, and do not
give any practical designs for multiplication circuits. In Section 6 we

ol 0(n1+°+€) for any € > 0.

sketch an (impractical) design which has AT
Thus, the expoment 1 + a in (1.1) is sharp, although we do not know any

practical design for which the lower bound is approached.




In Brent and Kung [79] we give an upper bound on A and T for

. the problem of addition of n-bit binary numbers. From this result it

follows that binary multiplication is "harder" than binary addition if

the complexity measure is Amza (for any a = 0).

2. The Computational Model

Our model is intended to be general, but at the same time real-~

istic enough to apply to current VLSI technology such as MOS.

We assume the existence of circuit elements or '"gates" which compute a

logical function of two inputs in constant time and occupy at least a

constant minimum area. Gates are connected by wires which have constant
% minimum width (or, equivalently, must be separated by at least some

minimal spacing). Our measure of the cost of a design is the area rather

than the number of gates required. This is an important difference

between our model and earlier models of Winograd [67], Bremt [70] and

others.
Assumptions
Tn Sections 3 to 5 we need various subsets of the following
by assumptions Al to A8. Comments and justification are given in parentheses

following the statement of each assumption. Our notation is summarized in

the Appendix.
Al. The computation is performed in a convex planar region R of area A.

{Because of heat-dissipation and packing requirements, a two-

© ——
.

dimensional planar model is reasonable. If R is not convex we may

take its convex hull. R may be a whole chip or part of a chip.}




&

Wires have minimal w%dth X > 0. {X is assumed constant, but in
applications of our r;sults it will of course depend on the technology:
see Mead and Conway [fs].} We also assume R has width at least A.

At most v > 2 wires caﬁ‘overlap at any point in R. {Otherwise the
area could be reduced b;l"folding". Since v 2 2, the graph of wires
(edges) and gates (nodes):need not be planar in a graph~theoretic
sense. }

A bit requires minimal timé,t > 0 to propagate along a wire. The
time for one gate computatiéu and an arbitrary fan-out of the

result is included in t. {Since dimensions are limited by the
minimal wire-width A and minimal gate area, a minimal propagation
time is reasonable. We do not need to assume that the propagation
time increases with the length of the wire. This is fortunate, for
with current technology propagation times are limited by wire
capacitances rather than the velocity of light. A longer wire will
generally have a larger capacitance, and thus require a larger driver
to maintain constant propagation time, but the driver area need not
exceed a fixed percentage of the wire area, so can be ignored if )

is increased slightly; see Mead and Conway [79]. Although it would

be reasonable to assume bounded fanout, we do not need this assumption

for proving lower bounds. When proving upper bounds, we do assume
bounded fanout.}
2

1/0 ports each have area at least p > A". {If R is a complete chip,
p will be large compared to Az. If R is only part of a chip and I/0

is to other regions on the chip, p could be of order Az.
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A6. Storage for one bit of information takes area at least B8 > 0.

{8 will typically be larger than Az,.but we do not need to assume this.}

A7. Each input bit is available only once. {There is no free memory
outsidé R. If the same input bit is required at different times, it
must be stored within R, taking area at least B (see A6).}

A8. The times and locations at which input and output bits are available
are fixed and independent of the.values of the input bits., {This is

necessaryi if designs are to be modular.}

3. A Lower Bound on AT2

With the model of Section 2, we have the following lower bound

on AT2 for any multiplier circuit.

Theorem 3.1

Under assumptions Al to AS5,

(3.1) ar? 3 Klnz,
where
2
4 AT
(3.2) -2 ——) )
b ((9+4/5')v

Before proving Theorem 3.1 we need three Lemmas.

Lemma 3.1
For any convex planar figure with area A, perimeter L,

diameter D, and chord of length C perpendicular to D,

CL
e . » (3.3) A 2 2'"




The results follow from the well-known inequalities A > CD/2,
mD 2L and L2 >4 mA . For a proof (and a definition of "diameter"

etc) see Yaglom and Boltyanskii [61]. |
Lemma 3.2
min mx(lGr:,(l-r)z) Caets . KT

0sr<1 9+4Y5

It is easy to verify that the minimum occurs when 16r = (l-r)z,

and the only root of this equatiom in (0,1) is r = 1/ (9+475). E

Lemma 3.3

Suppose that less than n outputs share any one output port.

Then, under assumptions Al to A4,

AT;Kan

x2 = AT *
(9+475)1rv

Let S = prn—l’ o p'ﬁ} where, in binary notation, Pi‘ﬁ""’l"

is the 2n-bit product of the n-bit numbers a ...y and bn vos bl.




Let M be the maximum number of elements of S sharing any one output port.
(By assumption, 1 £ M < n.) Let D be a diameter of R, and C a chord
perpendicular to D, dividing S into two parts Sl and Sz such that the
output ports for elements of Sl lie on one side of C, and those for
elements of S2 lie on the other side of C. Since we do not use assumption
A6, we can assume that output ports are shrunk to infinitesimal size and
that (by an infinitesimal perturbation from the perpendicular to D) C does

not intersect any output ports. By "sliding" the intersection of C and D

along D, we can arrange that
(3.6) l‘i;——-[ s |s,] = t‘—z—*’j for 1 = 1,2.

Consider multipliers b = Zj for j=0,1,...,n-1. Multiplying
a=a ...a by 21 gives pi+j g for i=1,...,n. Consider a fixed

a; with ':n—;%[ ¢ 1i<n. For jsm-i,...,n-1, we have n < i+j < 2n, so

pi+j € S. Let

Sl if the input port for ay is on the same side

8.(1) » of C as the output ports for élements of Sl,
3 .

S2 otherwise.

As j ranges over n-i,...,n-1l, at most I_EZLMJ of the pi+j lie in S3(:I.)

(by (3.6)), so at least i - l_lz—ﬂil lie in S-S 3(i) . Thus, by definition

of 83(1). a bit of information must cross C for each such -pi+j' Summing
2
over i = I_Ei—-m_l,...,n, a total of at least 0+1+2+...+(n - leﬂ!‘J) 2 .(E;_ul

bits must cross C. Since there are only n possible values of j, there is
-M 2
some j for which at least -Lns—n)- bits must cross C before the product

of a and b-Zj can be transmitted through the output ports.

Py
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By assumptions A2 and A3, at most vC/A wires cross C. Thus,

by assumption A4,

(9@ s

A

It follows from (3.3) that

B -
E Atln(1-r
b 3.7 ax 5 deladen)
1
: {3
E 1 ? where
r = M/n.
‘
! . Since M outputs come through one output port, assumption A%
7 gives
o
& (3.8) T 3 Mr. {
‘ ; -
Also, since M < n, at least one wire crosses C, and assumption A2 gives
(3.9) C 3 X.
By assumption A3, v > 2. Combining this with (3.3), (3.8) and (3.9)
gives
Atlor
(3.10) AT 2 el
The result now follows from (3.7), (3.10) and Lemma 3.2. B
) Lemma 3.3 is of interest in its own right. If at one time the

| chip inputs or outputs a total of b bits along its boundary, theam L 2 bi
, and the lemma gives AT 2 thbn. Thus for any multiplication scheme that
el accepts, say, nl/2 input bits simultaneously along the chip boundary, we
know immediately that AT 2 (l(zk)n"”2 (cf. the multiplication scheme in

%
4
1:\ i Section 6).




Proof of Theorem 3.1

Let M be as in the proof of Lemma 3.3. If M = n, then n output

bits share one output port, and assumption A4 gives T 2 T n. Since there

is at least one output port, assumption A5 gives A 2 p 2 Az, so

(3.11) AIZ 3 (Atn)z > Klnz 5

If M < n then Lemma 3.3 is applicable, and gives

AT 2 Kan

so, from (3.4),

AT 2 2K2(ﬂA)&n,

ATZ > &wK%nz -

The result follows from (3.5), (3.11) and (3.12).

Theorem 3.1 (with a smaller constant for Kl) could have
been established by a proof parallel to that used by Thompson [79] for
the DFT problem. In fact, using his result that relates the area of a
graph to its minimum bisection width, one can prove Theorem 3.1 without
the convexity assumption in Al. Our proof, above, represents a new ap-
proach that incorporates geometric considerations in the lower bound proof.
We feel that the extra convexity assumption we make is not restrictive,
since most existing chips do have convex boundaries for packaging reasonms.
Furthermore, we note that the convexity assumption is needed for establishing

results such as Lemma 3.3 that relates AT to the perimeter.




4, A Lower Bound on the Area A

In Section 3 we gave a lower bound on AIz. Now, using different

techniques, we give a lower bound on A.

Theorem 4.1

Under assumptions A5 to A8,

v:'.‘rkw;n;rW‘ww—.;Wj&ﬂ R

Let Py ={ij |01 <N, 053] < N} be the set of all integers which can

be written as a product of two factors, each less than N; and iet
p(y) = |PN| be the cardinality of P,. For example, P, = {0,1,2,3,4,6,9}
and u(4) = 7. Before proving Theorem 4.1 we need lower bounds on u(N)

and a related function
(4.3) 8§(n) = [1g u(2M+1-n] /n.

Lemma 4.1

u(N) = o(N),

where o(N) = ; p and P

N 1‘is the set of prime numbers p in the

PEoN-1
range 2 < p < N.

Proof
The numbers pj are distinct if 2 < p < N, p prime, and 1 € j € p.

Thus, the result follows from the definition of u(N). |




2
p() 3 iigiﬁi for all %' &,

~

Using a slight modification of Theorem 1 and equation (4.13) of

Rosser and Schoenfeld [62], we can show that

N2

oM > Fam

for all N > 348.

Thus, the result for N 2 348 follows from Lemma 4,1, For 4 < N g 347,

the result may be verified by a scfaighiforward computation. ]

Lemma 4.3

If §(N) is defined by (4.3), then

§(n) ;%

From Lemma 4.2,
(4.4) 8(n) 3 [n-1g(nln2)|/n,

and it is easy to verify that the right side of (4.4) is at least 5/6 for
all n 3 18. (There is equality for n = 18 and n = 24.) For 1 £ n < 17,

direct computation shows that §(n) > 9/10. |

Table 4.1 gives (2™ ,u(2®)/6(2%), and §(n) for n=1,2,...,17,

where

N2

(4.5) AN = §7i+igian

is an empirical approximation to u(N). For 5 € n ¢ 17, the approximation
error is less than l.percent. 1f this remained true for n > 17, it would

follow that 6(n) > 9/10, and the constant 5/6 in Lemma 4.3 and Theorem 4.1




p i

could be increased. On the basis of the empirical evidence, we make the

following conjectures.

Conjecture 4.1 e
§(n) = 9/10 for alln > 1.

R T A R T R A T e
gEl doigne W~

Con.jectute 4.2
1in MMIEIEN
Noe N
' n e ' w2 /6" 8(m)
% 2 0.355000 1
§ 2 7 0.748125 1
%l 1 3 26 0.932329 1
4 90 0.952734 1
5 340 1.006695 1
- 3 1,238 0.995890 1
. 7 4,647 0.997629 1
9 17,578 0.995092 1
9 67,592 1.000412 1
10 259,768 0.998846 9/10
11 1,004,348 0.998392 10/11
12 3,902,357 0.999002 11/12
13 15,202,050 0.999089 12/13
14 59,410,557 : 0.999788 13/14
15 232,483,840 0.999637 14/15
: -i 16 911,689,012 0.999788 15/16
P ’é 17 3,581,049,040 1.000005 16/17
9 ;
: - E Table 4.1 u(2") and related functions for n = 1(1)17.
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Proof of Theorem 4.1

If n = 1 there is at least one output port, so A 2 p, and the

result holds. Hence, suppose that n > 2.

Consider the state of the computation just before the last
input bit(s) are accepted. Let m be the number of input bits still to

be accepted, so 1 £ m £ 2n,

It is easy to show that there are some inputs a and b such that
the output bits Pyns e+ esP, are not determined by the 2n-m input bits
already accepted. Thus, by assumption A8, at most n-1 bits (pn-l""’pl)

have been output.

Suppose that s bits of information are stored in R. Then we

must have by assumption A7
b @ < 2m+(n-1)+s c

or the circuit could not produce all u(Zn) possible outputs, and would

fail for certain inputs. Thus

ms > [1g u(2™)+1-n] = né(n).
and, from Lemma 4.3,
(4.6) ' m+s > 5n/6.

By assumption A6,

(4.7) A3 Bs.

S

e ahianalishe il it

Lo
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Since a port can accept-only one bit at a time, the last m bits must be

input through m different ports, so A5 gives

(4.8) A > pm.

The result follows easily from (4.6), (4.7) and (4.8). ]
5. A General Lower Bound Result

Theorems 3.1 and 4.1 are the extreme cases o = 1 and a = 0 of

the following result.

Theorem 5.1

Under assumptions Al to A8, for all a € [0,1],
2a 1+a
A T
(501) T - ; n .
(Ao) (TO)
Here A, is given by (4.2), ;
X

(5.2) To = (K1/A0) ’

and ll is given by (3.2).

Proof
From Theorem 3.1,
w/ap @/mp? za®,
80
a 20 2a
(5.3) a/ap® @/T)™ 30" .

-
R L o BTSN N
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From Theorem 4.1,
(5.4) Y gl S
Multiplying (5.3) and (5.4) gives the result. |

The following Corollary of Theorem 5.1 seems worth stating
separately, for AT is often used as a complexity measure (see, e.g., Mead

and Rem [79]).

Corollary 5.1
Under assumptions Al to A8,

3/2

AT > K3n 3
where
= = k
(5.5) Ky = ATy = (AR "
Remarks
3 i The constants in Theorem 5.1 and Corollary 5.1 are
Ao = 0,83h,
T = 0.068At
g ’
0 vh
and
K. = 0.057Xth&
3 v 4
where
h = Bo/(B+p) .
Note that % min(B,p) € h < min(B,p) .

-
I o B A
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2

By the method of Section 6, we can perform binary multiplication

with A = O(nlgzn), T= O(nklgzn), and

2a 1+u182+#un)

= 0(n -

(5.5) AT
Thus, the exponent l+a in Theorem 5.1 is the best possible.

3. By a straightforward method we can achieve A = O(nzlg n), T = 0(1lg n),

so

Thus, Theorem 5.1 can not be extended for a > 1.

4, In Brent and Kung [79] we show that, for n-bit binary additiom,

06022y 42 0. ¢ 0 &8
142a
g o

Q
AT2 =

0(nl ) ifa > X% .

Thus, binary addition is easier than binary multiplicationm, for all

complexity measures A'.l'za, a g 0. (This holds for a > 1 because

AT?® > AT? > Klnz.)

6. An Upper Bound on ATZ“

It is easy to design practical n-bit multipliers with area

A=0(n) and time T = 0(n), so

20

(6.1) " A1 e 0(l*?®

) .

In this section we sketch the design of a multiplier with A = O(nlgzn)

and T = 0(n'1g?n), giving

6.2) ATZG A o(nl-m 1g 2+lmn)-'
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| which is asymptotically better than (6.1l). The design is not practical,

but it is theoretically interesting because it shows that the exponent
1 + o in Theorem 5.1 is sharp. We do not know if there is any practical

design having AIZG = o(n1+2°)

. Straightforward implementations of "fast"
serial algorithms, e.g. the Schénhage-Strassen algorithm (Sch&nhage and
Strassen [71]), or the "3-2 reduction" algorithm (Ofman [62]) seem to

2
require area at least order n .

In the remainder of this section we assume:
1. n'= kz is a perfect square, and
2, a,=b, =0 1if j > n/2.

. 3 h|
(If not, n may be increased sufficiently without affecting the asymptotic

results.) Let p be the smallest prime of the form nq+l, q 2 1, Fp the
finite field of integers mod p. We assume that 1g p = 0(lg n), which is
\ certainly true in practice, as q < 84 for all n s 10000. (If 1gn = 0(lg n)
we replace Fp by the complex field and work to sufficient accuracy to get

the required results c, at Step 5 below, or use other methods described in

]
Adleman et al [78], Borodin and Munro [75], and Aho et aql [74].) Let u be
an n-th root of unity in Fp, and w = uk (so w 18 a k-th root of unity).
Note that in any circuit n is fixed, so we are not concerned with the

*

complexity of finding p, u etc: they will be encoded into the circuit.

In Steps 1-5 below all arithmetic is donme in Fp. In Steps 1-3
; ve compute the Fourier transform & of (a;,...,a ) and b of (byseeeb)

over FP,




n-1 1j

o0 ¥

j+1 1=0

for j=0,...,n-1, etc.
In Step 4 we multiply the Fourier transforms. In Step 5 we take the

inverse transform, and in Step 6 the final result is computed.

Step 1
. Let A, B, U, and W be k by k matrices with elements
A j (i =1)k+j’
B 30 (1-1)k+j
u T u(i-l)(:!-l)
and w - w2 =1)

Perform k by k matrix multiplications to compute
A' = WA and B' = WB,

using the "hexagonal array" scheme of Kung and Leiserson [79]. All
computations are performed in FP, so each processing element of the
hexagonal array needs to perform arithmetic operatioms in Fp. Operations
in Fp rquire no more than area 0(132p) and time 0(1329). Thus, Step 1

can be done with area O(nlgzn) and' time O(nklg n).

Step 2
Compute A" = A'ol and B" = B'olU , where o denotes component~

wise multiplication.
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Step 3

S Compute A'" = A"W and B'" = B"W using the same method as

for Step 1. It may be shown that A'" and B'" contain the Fourier trans-

forms of (al,...,an) and (bl,...,bn), in fact

e s R & (4-1)kti

and B'"ij = S(j-l)k-'-:l for 1 £ 1,j < k.

P

Step 4
1 Compute C'" = A'"oB'" ,
Step 5
¢ Compute C = W-l(U'o(C'"w.l)) as in Steps 1-3. Here
U'ij = u-(i-l)(j-l). C represents the inverse Fourier transform of C'". If
€13 7 S(a-1yieng
\
then, by the convolution Theorem and our assumption 2 above,
cj = albj + azbj-l - g ajb1 for 1 £ j < n. [
2n n E
Thus, T e AT 3
i=1 i=1 3
l
4 and the problem of computing PygsesPy has been reduced to the problem i
3
of summing 0(lg n) numbers of at most 2n bits (since the ¢y have 0(1g n) ¥
3
bits). Hence, the final step in the computation is: ; k
¢ j
i Step 6 :
X -
; Compute p, ,...,p; from the c,. ‘T
di This may be done by 0(lg n) additions, each requiring area 0(lg n) and ' 
- )

time 0(lg n): see Brent and Kung [791].

o ~ . . . * i Y R e o Wi vl il . - - e e




A = O(nlg’n), time T = O(n*lg?a), and AT

This completes our outline of the multiplier with area

! 20 _ galtog 2the

1g ). The

exponent 2+40 of lgn can certainly be reduced, but we do not know what

its minimal value is.

i

Some Open Problems

Our results suggest several interesting problems:
Can the constants Ao and To be increased?

2+40,

How far can the gap 0(lg n) between the upper and lower bounds

be reduced?

1+u+€), for all ¢ > 0?

Is there a practical design with AIZG = 0(n
Can any of our assumptions Al to A8 be relaxed?

Can the restriction to binary representation be removed?

For binary division it is easy to deduce a lower bound of the same
form as (5.1), using the method of Brent [76]; and an upper bound

ATZG _ o(nl+u182+60n

),using Newton's method. Thompson [79] has
proved a lower. bound like (5.1) for computation of the discrete
Fourier transform, using a model similar (though not identical) to

ours. Can similar upper and/or lower bounds be proved for other

computations?
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Appendix : Summary of Notation

At o

a s input to multiplier, 0 < a < Zn, a=a...a in binary notation.

a, i-th least significant bit of a, I £ i < n.
ai : (al,...,an) is Fourier transform of (al’...,an) over Fp. [
A : area of region R. See assumption Al. <
4, ¢ 5h/6.
A : k by k matrix (Aij); See Section €. Similarly for A', A" and A'".
. b - input ‘to. multiplier, 0 < b < 2n, b= bn"‘bl'
' bi . i-th least significant bit of b, 1 £ i < n.
51 : (Sl,...,ﬁn) is Fourier transform of (b,,...,b ) over Foe
' : B : k by k matrix. See Section 6. Similarly for B', B" and B'".
' C - chord (almost) perpendicular to D, or length of chord. See
Section 3.
; . C 3 k by k matrix. Sée Section 6. Similarly for C'".
: D g diameter of R, or length of diameter. See Section 3.
Fp s finite field of p elements. See Section 6.
h : Bo/ (B+p) .
i H nonnegative integer,
3 s nonnegative integer.
k : nk . See Section 6,
Ki $ constant, 1 < 1 £ 3, See (3.2), (3.5) and (5.5).
y g log, . lgjn denotes (logz(n))J.
N In H log. .
;’ g L : perimeter of R, or length of the perimeter.
! m : number of input bits still to be accepted. See proof of Thm. 4.1.
o "




maximum number of elements of S sharing any output port.

See Lemma 3.3.

number of bits in inputs a and b.

positive integer.

prime number (p > 1). (p = ng+l in Section 6.)

i-th least significant output bit, output = pzn...pl.:tn binary
notation.

{iJ | 0 s 1 <N, 0 ¢ j < N}, See Section 4.

{p | p prime, 2 < p s N} .

positive integer.

M/n. See Lemma 3.3, (Free variable in Lemma 3.2.)

region in which computation is performed. Seg assumption Al.
number of bits of information stored in R. See proof of Thm. 4.1.
(pZn-l”"’pn)' See proof of Lemma 3.3.

subsequence of S, 1 s i < 3.

time required for computation.

constant defined by equation (5.2).

n~-th root of unity in Fp.

k by k matrix. See Section 6. Similarly for U'.

k~-th root of unity in Fp, w = ui v

k by k matrix. See Section 6.

free variable, 0 < a < 1.

minimum area required to store one bit. See assumption A6.
function defined by equation (4.3).

minimum width of a wire. See assumption A2.

u(N) = IPN| .
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2 25,
E < i : o) = N2/(0.71 + 1glgN), approximation to u(N).
v - maximum number of wires which can overlap at any point.
k-
See assumption A3.
p 3 minimum area for an I/0 port. See assumption AS. 4
o : o) = } p. .3
Py 1
3 : minimum time for propagation of one bit along a wire. See
E | assumption A4.
Y
L3 .
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